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It has been established that the system of equations of magnetohydrodynamics for a non-
dissipative plasma plane flow across a magnetic field will not be evolutionary if the Hall
effect is taken into account,

The numerical solution of the problem of plasma flow in a coaxial channel with the
Hall effect taken into account had disclosed [1] the flow instability which is the more
pronounced the stronger the Hall effect is, This instability of a nonstationary plasma
flow develops in the vicinity of the anode, and has the character of an explosion in which
a sharp rise of the current density and particle velocity takes place, An experimental
investigation of such flows [2] had disclosed the appearance of considerable jumps of
potential in the anode vicinity with the flow itself becoming unstable, resulting in the
so-called "current attachment” and severe anode erosion,

These results and observations make it desirable to carry out a mathematical analysis
of the two-dimensional plasma flow stability taking into account the Hall effect, The
present paper is devoted to a comparatively simpler, but important result which has to be
kept in mind in detailed investigations on this subject, namely that the equations of non-
dissipative magnetohydrodynamics for a two-dimensional plane flow across a magnetic
field are nonevolutionary when the Hall effect is taken into account, The term nonevo-
lutionary (or incorrectly) [3] is understood here to mean the instability of solution of the
Cauchy problem with respect to high frequency perturbations which increase arbitrarily
fast, This result is also true for axisymmetric flows acted upon by an azimuthal magne-
tic field, in so far as these may be considered to be locally plane,

The flow of an inviscid and non-heat-conductive plasma in the presence of the Hall
effect is defined (in a dimensionless form and with the usual notations [1]) by Eqs,
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This system must be complemented by the adiabatic condition (or the isothermal con-
dition when y =1 4x
Y ) p=Po" < — Ho’;")
Here B is the characteristic for this problem ratio of the gas and magnetic pressures,
§ is the exchange parameter characterizing the Hall effect, and n a dimensionless para-
meter which is the reciprocal of conductivity,
In the case of a plane flow across a2 magnetic field v, = H, = H, = 0, and in addi-
tion 8(...) / 8z == 0. Edgs. (1) are of the form
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A singularity of this type of flow is the degenerate character of the Hall effect, It
appears in Eq, (2) in the form of the product of first derivatives, while in accordance with
(1) the principal terms of the corresponding degeneration must, generally speaking, be of
the second order,

In the analysis of stability with respect to high frequency perturbations system (2) is
usually linearized, and its coefficients assumed constant, In order to assess the influence
of the Hall effect it is necessary, when linearizing the Hall term in (2), to take into ac-
count the derivatives of the unperturbed solution, and to assume these to be constant,
With perturbations denoted by py, ¥;, ¥; and H,the linearized system of equations is as
follows:
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Here all coefficients including ap / dx, Ap / Dy, AI [ #r, 81 | Ay are constant,
Solutions of system (3) are sought in the form of plane waves, i, e, exp(iot -- tkr -+
+ ik,y) with constant multipliers, where k,, k; are arbitrary real numbers (see, e, g, [3]).
We introduce notations s* = k,? + k.3, © = sh, k; = su, ka = sv. Then the direction of

the plane wave will be defined by the unit vector 1 = (u, v), and it will be natural to

write pu+voe=uv, pd/dy —vd/oz=2a/ot
where T is the direction along the wave front orthogonal to . Finally, denoting
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A+ v = z, we obtain the characteristic equation binding o, k; and %, in the simple

form
z(z'—%——%:’—Cm’z-l—%%—im(ﬂ-c’)} =0 4

(Cmd=C3+ HJp, P=p+ I*/2)

The condition of correctess of the Cauchy problem for systems (2) and (3) for any
real u, v-and s > 0 is obviously the inequality
Imo=sIlmA = sImz> const {5)

For the finite values of s the solutions are always finite, hence in practice the fulfil-
ment of condition (5) for s - oo must be required,
It is easily ascertained that when 1 == 0, then the asymptotic behavior of roots of Eq,

{4) for s — oo is defined by s=isn+ O0(), aa=4C+0(1/5)

Magnitudes s> 0 and v > 0, hence they satisfy condition (5), i, e, for finite conduc-
tivity the problem here considered is evolutionary (correct),

In the case of perfect conductivity, i, e, when 1 = 0,Eq, (4) has real coefficients inde~
pendent of 5. If it has two complex conjugate roots, then for one of these Im z < 0,
and Im ® —» — oo when s — 00,1, e, condition (5) is not fulfilled. This means that the
fulfillment of condition (5), i. e, the correctness of the problem, is equivalent to the re-
quirement for all three roots of Eq, (4) to be real,

As is known, all roots of Eq, 3 — pz* 4 qz — r = 0 with real coefficients are real,
if and only if the discriminant

D = p** + 18pgr — (4p°r + 4g® + 27%) > 0
In the case of Eq, (4) (for 1 = 0) this becomes
D ==4gX? 4 (Cypt + 18C, %8 — 27g% X -+ 4C 8 {6)
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An elementary analysis of the quadratic trinomial (6) will show that p >, ¢ for all
X > 0,if and only if 0 g < Ct? M

This means that when condition (7) is fulfilled, then the system of Eqs, (2) is evolu-
tionary for all possible directions of vector v. If it is violated, then Eq, (4) has complex
roots which lead to incorrectness in the following cases:

1) ¢ <0, X > Xy >0t X1 <X<Xa

Here X; and X, are the roots of trinomial D.

In actual plasma flows condition (7) is, as a rule, violated, In fact, if gradients of p
and I’ = p -- H*/ 2 are not collinear then a direction in which # < 0 will always be
found,

Thus in the case of infinite plasma conductivity Eqs, (2) are nonevolutionary, This
property of equations is apparently responsible for the appearance of instability in the
computation of flows with the Hall effect the sooner the higher the plasma conductivity,

We note in conclusjon that the obtained result is due to the degenerate character of
the Hall effect in Eqs, (2) of a plane flow across a magnetic field, It is not possible to
investigate the correctness of an arbitrary flow by the method of plane waves, A repeti-
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tion of the reasoning outlined above in the general three-dimensional case (or even for
the case of three-dimensional perturbations of the flow here considered) leads to conclu-
sions as follows:

1, For finite conductivity (n == 0) the equations are, as before evolutionary,

2, For perfect conductivity (n = 0) the characteristic equation generalizing (4) has
part of its roots of the form z = as + 0O(1),i.e. © = as® 4 O(s) in which a is real, The
predominant term of this expression is "neutral”, and the fulfillment of condition (5) for
s — oo depends on the next following term, while in the method of plane waves, which
presupposes constant coefficients,the predominant asymptotic terms only have a meaning,

Thus, in the general nondissipative case the problem is much more involved, necessi-
tating the consideration of variable coefficients of equations. In a way it will be a gene-
ralization of the system of equations of the complicated problem of the evolutionary
property of the Schroedinger equation with variable coefficients,

BIBLIOGRAPHY

1, Brushlinskii,K,V,, Gerlakh,N,I, and Morozov, A,I,, Computa~
tion of nonstationary two-dimensional flows of plasma of finite conductivity in the
presence of the Hall effect, Magnetohydrodynamics, N¢1, 1967,

2, Kovrov,P,E,, Morozov,A,I,,, Tokarev,L,G, and Shchepkin,
G.la,, Magnetic field distribution in a coaxial plasma injector, Dokl, Akad,
Nauk SSSR, Vol.172, N6, 1967,

3. Gel'fand, I, M,, Certain problems of the theory of quasi-linear equations,

Usp, Matem, Nauk, Vol, 14, N2, 1959,
Translated by J, J, D.

SIMPLE WAVE IN A CONDUCTIVE MEDIUM

IN A STATIONARY GRAVITATIONAL FIELD

PMM Vol. 32, N5, 1968, pp. 960-962

K. DZHUSUPOV
(Moscow)
(Received March 13, 1968)

1, We shall consider the simultaneous nonstationary motion of a perfectly conductive
gas in a homogeneous magnetic field /7 perpendicular to the direction of velocity taking
into account the force of gravity g. If at the initial instant the motion is isentropic, then
with the condition of frozen lines of magnetic field f = bp the coefficient b will remain
constant throughout the duration of motion,

Then, in the case here considered the Euler equation together with the continuity equa-
tion is reduced to the system of conventional gas dynamics equations [1 and 2]

P ' %, A v
bt R =g, gt upe b =0, pp=Aet gy (LD
The effective velocity of sound in this case is ,
I _ b\ ,
ot = (ﬁ). =t 49,2 c=(4kp” l) /“, Vg = <E> (1.2)

Here « is the usual velocity of sound in a conductive medium, and », the Alfven



